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Abstract. We study Horn-quantum groups, their representations, and module Hom-algebras. 
Two Twisting Principles for Horn-type algebras are formulated, and construction results are proved 
following these Twisting Principles. Examples include Horn-quantum n-spaces, Horn-quantum en- 
veloping algebras of Kac-Moody algebras, Horn- Verma modules, and Hom-type analogs of U q (sl2)- 
modulc-algebra structures on the quantum planes. 



1. Introduction 

This paper is part of an on-going effort J5^ | - |56| ] to study twisted, Hom-type generalizations 
of quantum groups, the Yang-Baxter equations (YBEs) || ||, [38[ |44|, and related algebraic 
structures. We use the name Horn-quantum groups colloquially to refer to Hom-type generaliza- 
tions of quantum groups, i.e., bialgebras, possibly with additional structures. Roughly speaking, 
quantum group theory involves the study of bialgebras and Hopf algebras that are not-necessarily 
commutative or cocommutative. Horn-quantum groups extend quantum groups by introducing non- 
(co) associativity, and the level of non-(co) associativity is controlled by a certain twisting map a (— 
the "Horn" in Horn-quantum groups). For example, the Horn-quantum enveloping algebras (Ex- 
amples 2.9 and 2 . 10| ) and the FRT Horn-quantum groups (section 4 in |Q) are all simultaneously 



non-associative, non-coassociative, non-commutative, and non-cocommutative. 

Some important properties of quantum groups have been shown to have counterparts in the 
setting of Horn-quantum groups. For example, it is well-known that each module over a quasi- 
triangular bialgebra ^| has a canonical solution of the YBE. In the world of Horn-quantum groups, 
for a quasi-triangular Hom-bialgebra whose Hom-braiding element is a-invariant, there is a canonical 
solution of the Horn- Yang-Baxter equation (HYBE) [^2| [53| associated to each module f55l. There 
is a similar statement for the dual objects of comodulcs over suitable cobraided Hom-bialgebras 
|56| . Likewise, quantum geometry (in particular, quantum group coactions on the quantum planes) 
has been generalized to what we call Horn-quantum geometry, which involves Horn-quantum group 
coactions on the Horn-quantum planes (section 7 in |5(|). 

The purpose of this paper is to advance the study of Horn-quantum groups (that is, Hom- 
bialgebras, possibly with additional structures) and their representations, as initiated in |5^, |5(| . 
We also consider module Hom-algebras and Horn-quantum geometry on the Horn-quantum planes. 
This paper subsumes the earlier preprint pp| . Below is a description of the rest of this paper. 

In section |^ we formulate the Twisting Principles 2.5 for Hom-type algebras, which we will use 
as a guide throughout the rest of this paper. The first Twisting Principle says that an ordinary 
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algebraic structure can be twisted into a corresponding type of Hom-algebraic structure via suitable 
endomorphisms. The first example of the first Twisting Principle was considered by the author in 
48 1 . It is by now ubiquitous in the study of Horn-type objects; see the discussion after the Twisting 
Principles. The second Twisting Principle says that a Horn- type algebra, without any additional 
data, can be twisted along its own twisting map to give a derived Horn-type algebra. Moreover, 
the second Twisting Principle can often be applied repeatedly, so a Horn-type algebra gives rise 
to a derived sequence of Horn-type algebras. We prove instances of the Twisting Principles 2.5 



for Horn- (co) associative (co)algebras and Hom-bialgebras (Theorems |2.6| and 2.11). As examples, 



we construct multi-parameter classes of (fermionic) Horn-quantum n-spaces (Examples |2.7| and 2 



and of Horn-quantum enveloping algebras of complex semisimple Lie algebras and of Kac-Moody 
algebras (Examples 2.9 and 2.10). These Horn-quantum enveloping algebras are all simultaneously 
non-associative, non-coassociative, non-commutative, and non-cocommutative. 

In section [| we consider quasi-triangular and cobraided Hom-bialgebras. These Horn-quantum 
groups were introduced in [ |55| , j56| , where a version of the first Twisting Principle was proved in 
each case. Quasi-triangular and cobraided Hom-bialgebras are the Horn-type analogs of DrinfePd's 
quasi-triangular bialgebras || and of cobraided bialgebras jl6[ |5| |3l], plj] . As shown in |5^, |5(| , 
modules over quasi-triangular Hom-bialgebras and comodules over cobraided Hom-bialgebras are 
related to solutions of the HYBE |32[ [53| . We establish the second Twisting Principle for quasi- 
triangular and cobraided Hom-bialgebras (Theorems 3.4 and 3.6). In particular, a quasi-triangular 
Hom-bialgebra gives rise to a derived sequence (a double-sequence if the twisting map is surjective) 
of quasi-triangular Hom-bialgebras. Likewise, a cobraided Hom-bialgebra gives rise to a derived 
sequence (a double-sequence if the twisting map is injective) of cobraided Hom-bialgebras. 

In section [| we study modules over Horn- (co) associative (co)algebras. We establish the second 
Twisting Principle 2.5 for modules over a Horn-associative algebra (Corollary 4.4). It says that 
each module over a Horn-associative algebra gives rise to a derived double-sequence of modules over 
derived Horn-associative algebras. For the first Twisting Principle, we show that given a module over 
an associative algebra, each suitable pair of morphisms gives rise to a derived double-sequence of 
modules over Horn-associative algebras (Theorem 4.5). As examples, we construct multi-parameter 
classes of finite-dimensional modules over the Horn-quantum enveloping algebras U q (sl n ) a of sl n 
(Examples [D^ and 4.10p . We also construct a multi-parameter class of infinite-dimensional Hom- 
Verma modules over the Horn-quantum enveloping algebra U q {s\.2)a of srla (Example |4.9| ). The 
Twisting Principles for comodules over Hom-coassociative coalgebras are stated at the end of section 
| (Theorems JOI] and [Og ), 

In section |5| we study module Hom-algebras, which are the Horn- type analogs of module-algebras. 
If if is a Hom-bialgebra, then an if-module Hom-algebra is a Horn-associative algebra A together 
with an H-module structure, satisfying the module Hom-algebra axiom ( |5.1.l| ). We give an alterna- 
tive characterization of the module Hom-algebra axiom in terms of the multiplication on A (Theorem 
5.4). Then we establish the Twisting Principles for module Hom-algebras (Theorems |5.5| and |5.6| ). 
We use the results on module Hom-algebras to study Horn-quantum geometry on the Horn-quantum 
planes. In Example 5.7 we construct a multi-parameter family of /7 g (s[2) Q -module Hom-algebra 
structures on the Horn-quantum planes, generalizing the well-known L^ g (s ^-module-algebra struc- 
ture on the quantum plane ]3^ ] that is defined in terms of the quantum partial derivatives ( [5.7.3 ). 
In Example 5.8 we construct Horn- type analogs of a non-standard L^ ? (s ^-module-algebra structure 
on the quantum plane |9j] . 
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2. The Twisting Principles and Hom-quantum groups 

In this section, we construct some specific examples of Hom-quantum groups. Although our main 
interest is in Hom-quantum groups, our construction results work more generally. We state the 
Twisting Principles 2.5, which we use as a guide throughout the rest of this paper. As examples of the 
Twisting Principles, we construct classes of Horn- (co) associative (co) algebras and Hom-bialgebras 



(Theorems [2J and |2.1l| ) 



To illustrate these results, we provide several examples related to the quantum n-spaces and 



the quantum enveloping algebras. In Example 2.7, we construct a multi-parameter class of Hom- 



quantum n-spaces Aq]a, which are the Horn- type analogs of the quantum n-spaces A^' . We also 
consider the fermionic version of the Hom-quantum n-spaces (Example |2.8| ). Next, we construct a 
multi-parameter, uncountable family of Hom-bialgebra deformations of the Drinfel'd- Jimbo quantum 



group U q (Q) (Example 2.9), where q is any complex semisimple Lie algebra of type A, D, or E. More 
generally, we construct a multi-parameter, uncountable family of Hom-bialgebra deformations of the 
quantum Kac-Moody algebra Uh(0), where g is any symmetrizable Kac-Moody algebra (Example 



2.10) 



2.1. Conventions and notations. We work over a fixed associative and commutative ring k of 
characteristic 0. Modules, tensor products, and linear maps are all taken over k. If V and W are 
k-modules, then r = Ty.w '■ V ® W — > W ® V denotes the twist isomorphism, t(v <E> w) = w <£> v. 

Given a bilinear map n: V® 2 — » V and elements x,y G V, we often write /i(x,y) as xy. For a 
map A: V — > V® 2 , we use Sweedler's notation for comultiplication: A(x) = J2( x ) Xl ® x 2- 

If a : V — > V is a self-map of a module V and n > 0, then a n denotes the n-fold composition 
a o • • • o a of copies of a, with a = Idy . 

2.2. A brief history of Hom-type algebras. Horn-type algebras first appeared in the form of 
Horn-Lie algebras [|l5] , which satisfy an a-twisted version of the Jacobi identity. Horn-Lie algebras 
are closely related to deformed vector fields [3, [ll| |27], EM |9[ and number theory Q . Horn- 
associative algebras were introduced in |33| to construct Horn-Lie algebras using the commutator 
bracket. The universal Horn- associative algebra of a Horn-Lie algebra was studied in p7| . It was 
further shown in ]49[ | that a unital version of the universal Horn-associative algebra has the structure 
of a Hom-bialgebra. Variations of Horn-Lie and Horn-associative algebras were studied in jll| . Some 
classification results about Horn-associative algebras can be found in § §. The authors of g 
constructed Horn- (co) associative (co)algebras and Hom-bialgebras with bijective twisting maps as 
(co) algebras and bialgebras in a certain tensor category. Other papers about Hom-type structures 
are @, @, @, §§ - ||, @, and f§ - @. 

Definition 2.3. (1) A Hom-associative algebra (A, fj,, a) consists of a k-module A, a 
bilinear map \i : A® 2 — > ^4 (the multiplication), and a linear self-map a: A ^ A (the twisting 
map) such that: 

a o n — fi o a® 2 (multiplicativity) , 

(2-3-1) 

/i o (a <£> jtt) = u o (u ® a) (Hom-associativity) . 

A morphism of Hom-associative algebras is a linear map of the underlying k-modules that 
commutes with the twisting maps and the multiplications. 
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(2) A Hom-coassociative coalgebra |34], |3(J (C, A, a) consists of a k-module C, a linear map 
A: C — > C® 2 (the comultiplication), and a linear self-map a: C — > C (the twisting map) 
such that: 

a 1812 o A = A o a (comultiplicativity), 

^2.3.2^) 

(a ® A) o A = (A (g) a) o A (Hom-coassociativity). 

A morphism of Hom-coassociative coalgebras is a linear map of the underlying k-modules 
that commutes with the twisting maps and the comultiplications. 

(3) A Hom-bialgebra Q, is a quadruple [H, fi, A, a) in which (H, /z, a) is a Horn-associative 
algebra, (if, A, a) is a Hom-coassociative coalgebra, and the following condition holds: 

Ao n = f i m o (Id(E>T(g> Id) o A® 2 . (2.3.3) 

A morphism of Hom-bialgebras is a linear map of the underlying k-modules that commutes 
with the twisting maps, the multiplications, and the comultiplications. 



In terms of elements, ( 2.3. 3| ) means that 

A(ab) = aifoig)a2&2 

(a)(b) 

for all a,b G H. This compatibility condition also holds in any bialgebra. When there is no danger 
of confusion, we will denote a Horn-associative algebra (A,/j,,a) simply by A. The same remark 
applies to other Horn-type objects. 

Remark 2.4. In our definitions of a Horn- (co) associative (co)algebra and of a Hom-bialgebra, we 
require that the twisting map a be (co)multiplicative. The original definition of a Horn-associative 
algebra in |3j| does not have this multiplicativity assumption. We require multiplicativity in our 
Horn-type algebras because in all of our examples, the twisting maps are already multiplicative. 
Also the (co)multiplicativity condition is necessary for the second Twisting Principle for Hom- 



(co) associative (co) algebras and Hom-bialgebras (Theorem 2.11) 



Observe that a Hom-bialgebra is neither associative nor coassociative, unless of course a = Id, 
in which case we have a bialgebra. Instead of (co)associativity, in a Hom-bialgebra we have Hom- 
(co) associativity, fj, o (a ® jj) = fi o (/j ® a) and (a <g> A) o A = (Aga)oA. So, roughly speaking, 
the degree of non-(co)associativity in a Hom-bialgebra is measured by how far the twisting map a 
deviates from the identity map. 

One can think of a Horn-type algebra as an algebraic structure equipped with a twisting map a, 
satisfying an a- twisted version of the usual axioms. Then it makes sense that an ordinary algebra 
can be twisted into a Horn-type algebra via a suitable self-map. Moreover, one should be able to 
twist a Horn-type algebra along its own twisting map to obtain another Horn-type algebra. We state 
these ideas as follows. 

Twisting Principles 2.5. (1) If A is an algebraic structure and a is a suitable self-map of 
A, then one obtains a corresponding type of Horn- algebraic structure A a by twisting the 
structure maps of A by a. 
(2) If {A, a) is a Horn- algebraic structure, then there is a derived Horn- algebraic structure A , 
which is obtained from A by twisting its structure maps by a. 
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We refer to these statements as the first and the second Twisting Principles. In practice, one has 
to be careful about the definition of a "self-map" and about how and which parts of the structures of 
A are twisted by a, especially in the second Twisting Principle. We will make precise both Twisting 
Principles for various algebraic structures. The Twisting Principles are our main tool in constructing 
examples of Horn- type objects. 

The first Twisting Principle allows one to construct many examples of Horn-type objects from 
ordinary ones and suitable endomorphisms. It is a standard tool in the study of Horn-type objects. 
In fact, most concrete examples of Horn- type algebras in the literature are constructed using the 
first Twisting Principle. It was introduced by the author in ]48| (Theorem 2.3), where it is shown, 
in particular, that associative and Lie algebras can be twisted into Horn-associative and Horn-Lie 
algebras via algebra endomorphisms. It has since been employed by various authors. See, for 
example, § (Theorem 2.7), [| (Theorems 1.7 and 2.6), g|| (Section 2), Jl| (Proposition 1), || 
(Theorems 2.1 and 3.5), |6) (Theorem 3.15 and Proposition 3.30), and || - |§. 

Unlike the first Twisting Principle, the second Twisting Principle says that a Horn-type structure 
can be twisted into another Horn-type structure without any additional data. Moreover, it can be 
iterated ad infinitum. In fact, it can be applied to the derived Horn-type object A 1 to obtain a 
second derived Horn-type object A 2 , and so forth. We will see several explicit cases of the second 
Twisting Principle later in this paper. 

The following result illustrates the first Twisting Principle for (co) associative algebra and bialge- 
bras. 

Theorem 2.6 ( |p6|, [48 , 49 ). Let (A, fi) be an associative algebra, (C, A) be a coassociative coalgebra, 
and {H, /i, A) be a bialgebra. 

(1) If a: A — > A is an algebra morphism, then A a — (A,fi ai a) is a Horn- associative algebra, 
where /j„ = aoji. 

(2) If a: C — ► C is a coalgebra morphism, then C a = (C,A a ,a) is a Horn- coassociative coalge- 
bra, where A Q = A o a. 

(3) // a: H — > H is a bialgebra morphism, then H a = (H, /i a , A a , a) is a Hom-bialgebra, where 
\i a = a o /i and A a — A o a. 

Proof. As mentioned above, it was proved in ^] (Theorem 2.3) that A a — (A,ii a ,a) is a Horn- 
associative algebra. Indeed, the Hom-associativity axiom fi a o (a ® fi a ) — [i a o (/i Q ® a) is equal 
to a 2 applied to the associativity axiom of /i. Likewise, both sides of the multiplicativity axiom 
a o /i a — [i a o a® 2 are equal to a 2 o fi. Dualizing the previous arguments ]3q| , one checks that 
C a = (C, A Q , a) is a Hom-coassociative coalgebra. For the last assertion, the compatibility condition 
( E.3.3| ) for A Q = A o a and fi a = a o is equal to a 2 (g> a 2 followed by ( |2.3.3| ), which holds in any 



bialgebra. □ 



Using Theorem 2.6 we now discuss the (fermionic) Hom-quantum n-spaces and the Horn-quantum 



enveloping algebras of semisimple Lie algebras and, more generally, Kac-Moody algebras. 

Example 2.7 (Hom-quantum rt-spaces). In this example, we construct Horn versions of quantum 
n-spaces, which are themselves quantum analogs of affine spaces. Fix a non-zero scalar g£k\ {±1} 
and an extended integer n € {2, 3, . . . , oo}. Suppose Xi for 1 < i < n (or Xi for all i > 1 if n = oo) are 
independent variables. Let kjav}™^ be the unital associative algebra generated by these variables. 
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The quantum n-space is defined as the quotient 

^n|0 _ k{x r }"^ 1 

q {XjXi — qXiXj for i < j) 

The relation 

XjXi = qXiXj for i < j 

is called the quantum commutation relation. In particular, A^' is non-commutative. When n 
we use x = x\ and y = x%, and call 

A 2|o = Hx,y} 



q (yx - qxy) 

the quantum plane. We will apply Theorem to the quantum n-spaces with the following 
algebra morphisms. 

Suppose /: {1, . — ► Z (or /: {1,2, ...}—► Z if n = oo) is an order-preserving function, i.e., 
f(i) < f(j) whenever i < j. For each m 6 Im(f) fl {1, . . . , n}, pick a scalar A TO e k. Given this 

"1° _^ A"l 
q r *^q 



data, define a map a: Aq^ — > A^' by setting 



a(xi)= |A /W » /W ifl</(0<n, (271) 
I otherwise. 

for 1 < i < n. Since / is order-preserving, the map a preserves the quantum commutation relation 
whenever i < j, so a is a well-defined algebra morphism. 



By Theorem 2.6 we have a Horn- associative algebra 



A£l° = (Af , Ma> a), (2.7.2) 
where fj, a — a o fi with /i the multiplication in Ag'°. We refer to the Horn-associative algebras Agja 

2 1 

as the Hom-quantum n-spaces and A q \ a as the Hom-quantum planes. Since a depends on 
the scalars A m and the function /, we have thus constructed a multi-parameter family {Ag,a} of 
Hom-quantum n-spaces. We recover the quantum n-space Aq'° by taking f(i) = i for all i and 



A m = 1 for all m. We will revisit the Hom-quantum planes in Examples 5.7 and 5.8 when we discuss 



their Hom-quantum geometry. □ 
Example 2.8 (Fermionic Hom-quantum n-spaces). In this example, we consider a fermionic 



version of the Hom-quantum n-spaces (2.7.2). We use the same notations as in Example 2.7. The 



fermionic quantum ?i-space is defined as the unital associative algebra 



^o|n _ k{a; r }™_ 1 



9 (xf for all j, XjXi + qXiXj for i < j) 
The relation, XjXi = —qXiXj for i < j, is called the fermionic quantum commutation relation. Unlike 
the quantum n-space Ag'°, the fermionic quantum n-space is finite-dimensional whenever n < oo. 

We can define an algebra morphism a: Aq' n — > Aq ™ exactly as in ( 2.7.1 ). This map is well-defined 
because it clearly preserves the relations xf = for all i and the fermionic quantum commutation 
relation. By Theorem [2.6| we have a Horn-associative algebra 

A°IS=(A°l", Ma ,a) ) 

which we refer to as a fermionic Hom-quantum n-space. The collection {A°|q} is a multi- 
parameter family of Horn-associative algebra deformations of the fermionic quantum n-space. We 
recover the fermionic quantum n-space Ag' n by taking f(i) = i for all i and X rn = 1 for all m. □ 
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Example 2.9 (Hom-quantum enveloping algebras of semisimple Lie algebras). Fix an 

invertible scalar g £ C with q 5^ ±1. Let q be a complex semisimple Lie algebra of type A ni D n , 
Eq, E7, or Eg. Here we construct a multi-parameter, uncountable family of Hom-quantum groups 
Uq(g) a from the quantum enveloping algebra U q (Q) using Theorem 2.6. The reader is referred to, 
e.g., 1 19, for the classification of complex semisimple Lie algebras and discussions about Cartan 
matrices. For example, the Lie algebra of type A n is sl n +i, so in particular the case A\ is s\i- 

Let us first recall the bialgebra structure of the DrinfcPd-Jimbo quantum enveloping algebra 
Uq(g) (?], |], 21 . The restriction on the type of g implies that the Cartan matrix (aij)™ J=1 of g is 
symmetric positive-definite with an = 2 for all i and <Zjj G {0,-1} if i =/= j. The quantum group 
U q (g) is generated as a unital associative algebra by 4n generators {Ei, Fi, Kf 1 }™^ with relations: 

KiKr 1 = l = K^K h [Ki, Kj] = 0, 



A,/-., q° F,K,. K i F j =q 



-an p 



[E i ,F j ] = S i 



9 



(2.9.1) 



= [Ei, Ej] = [Fi , Fj] if ay = 0, and 

= E?Ej - [2] q EiEjEi + EjEf = F}F 2 - [2] q F l F :j F l + F 3 F} 

if dij = —1. Here the bracket is the commutator bracket, [x,y] = xy — yx, and [2] q = q + q ■ The 
comultiplication on U q (g) is defined on the algebra generators by 

A(F i )=Kr 1 ®F i + F i ®l ) (2.9.2) 
A(Ki) = Ki ® K h and /^{K^ 1 ) = K^ 1 ® K^ 1 . 
For example, for n > 1 the Cartan matrix for sl„+i, which is of type A n , is (aij)f :)=1 with 

2 If i = j, 

-1 if|i-i| = l, (2.9.3) 
if|t-j|>l. 

In particular, when n = 1 the Cartan matrix for sl% has only one entry, namely, an = 2. In this case, 
the last two lines in ( 2.9.1 ) are irrelevant. So U q (sl2) is generated as a unital associative algebra by 
E, F, K, and K' 1 , satisfying the relations 

KK~~ l = 1 = K^K, 

KE = q 2 EK, KF = q~ 2 FK, and 

K - K- 1 



(2.9.4) 



EF - FE = 



To use Theorem [2.6| on the bialgebra U q (o), we need bialgebra morphisms on U q (g), which can 
be constructed as follows. For each i — 1, . . . ,n, pick an invertible scalar A ; 6 C and consider the 
map ot\ : U q (g) — * U q (Q) defined on the generators by 



a x {Kf 1 )=Kf\ a x (E l ) = X l E l , and a x (Fi] 



X~ 1 F i . 



(2.9.5) 



It is immediate to check that a\ preserves all the relations in (2.9.1) and (2.9.2), so a\ is a bialgebra 
automorphism on U q (g). By Theorem |2.6] there is a Hom-bialgebra 

U q (g)a x = (U q (g),fj, ax ,A ax ,a x ), (2.9.6) 
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where fi ax — a\ o fi with [i the multiplication in U q (g) and A QA = A o a\. We refer to U q (g) ax 
as a Hom-quantum enveloping algebra of g. The collection {C/ 9 (g) QA : Ai • • • A„ ^ 0} is an 
n-paramcter, uncountable family of Hom-bialgebra deformations of the quantum group U q (g). We 
recover U q (o) by taking Ai = 1 for all i. When \ ^ \ for at least one i (i.e., a\ ^ Id), the 
Hom-quantum enveloping algebra U q (g) ax is simultaneously non-associative, non-coassociative, non- 
commutative, and non-cocommutative. 

We will revisit the Hom-quantum enveloping algebras U q (sl n ) ax in section |], where we will con- 
struct Horn-type modules over them. Moreover, in Example 5.7 we will discuss Hom-quantum ge- 
ometry on the Hom-quantum planes A q \a (Example 2.7) as they are act upon by the Hom-quantum 
enveloping algebras U q (s\2) ax . ^ 

Example 2.10 (Hom-quantum Kac-Moody algebras). In this example, we construct multi- 
parameter, uncountable classes of Hom-quantum enveloping algebras of symmetrizable Kac-Moody 
algebras. The reader is referred to |2j| for detailed discussions on Kac-Moody algebras and to 
|7j ||, ^l| for the Drinfel'd-Jimbo quantum enveloping algebra Uh(s)- Other expositions on Uh(&) 
can be found in the books || [To|| . 



Let q be a symmetrizable Kac-Moody Lie algebra with Cartan matrix A — (ay) 



Let us 



first recall the bialgebra structure on VyJ^g). Let D = diag(c?i, . . . , d n ) be the diagonal matrix whose 
entries are relatively prime non-negative integers such that DA is symmetric. Let A be a formal 
variable and C[[/i]] be the topological complex power series algebra over h with the /i-adic topology. 
Set qi — e dih for 1 < i < n. The quantum Kac-Moody algebra Uh(g) is the topological unital 
associative algebra over C[[ft,]] generated by the 3n generators {Hi, X^}™ =1 with relations: 



[Hi, Hj] = 0, [Hi,Xf] = ±(HjXf, [X+, Xr] = S t 



Qi 



Hi 



-Hi 



and 



= £(-i) fe 

fc=0 



1 - at 



(2.10.1) 



{xf) k xf{xf) 1 - a ^- k 



if ijtj. 



Qi 



The gi-binomial coefficient in (2.10.1) is defined as follows: 

r i Q n - Q~ n 



<1 



[l] 9 [2] s 



and 



JPn - ■ 



(2.10.2) 



The comultiplication on Uh{g) is defined on the topological generators by 

A(Hi) =Hi®l + l®H h 



Hi 



and 



(2.10.3) 



-Hi 



X- 



X: 



To use Theorem £i] on the quantum Kac-Moody algebra Uh (fl) , we proceed essentially as in the 
previous example. For each i = 1, . . . ,n, pick an invertible element pi G C[[/i]], i.e., Pi is a complex 
power series in h with non-zero constant term. Consider the C[[ft]] -linear map a p : Uh(g) — > ^ft(fl) 
defined on the generators by 

a p (Hi) = Hi, a p (X+) =p t X+, and a p (Xf) = p - 1 Xf. 

It is easy to see that a p preserves all the relations in ( 2.10.1 ) and ( 2.10.3|) , so a p is a bialgebra 
automorphism on Uh(g)- By Theorem |2.6|, there is a Hom-bialgebra 



U h {g) ap = (U h {g),y a ,A 
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where [i is the multiplication on Uh(g), fj, a = a p o 11, and A a = A o a p . The collection {J7/j(0) Qp } 
is an n-parameter, uncountable family of Hom-bialgebra deformations of the quantum Kac-Moody 
algebra Uh(s). We recover Uh(o) from Uh(s)a p when all n parameters {pi}™ =1 are equal to 1. When 
at least one pi ^ 1, the Hom-bialgebra E//j(fl) a is simultaneously non-associative, non-coassociative, 
non-commutative, and non-cocommutative. □ 

The following result is the second Twisting Principle 2.5 for Horn- (co) associative (co) algebras 
and Hom-bialgebras. It says that each Horn- (co) associative (co)algebra (or Hom-bialgebra) gives 
rise to a derived sequence of Horn- (co) associative (co) algebras (or Hom-bialgebras) with twisted 
(co) multiplications and twisting maps. 

Theorem 2.11. Let (A, \x, a) be a Horn- associative algebra, (C, A, a) be a Hom-coassociative coal- 
gebra, and (H, /i, A, a) be a Hom-bialgebra. Then for each integer n > 0: 

(1) A" — (A,/^™- 1 — a 2 _1 o /i, a 2 ) is a Horn-associative algebra. 

(2) C n — (C, A( n ' = A o a 2 ~ 1 ,a 2 ) is a Hom-coassociative coalgebra. 

(3) H n = (H, fjy 1 ' , A^ n \ a 2 ) is a Hom-bialgebra, where ijS 71 ' — a 2 _1 o//an 



a 2 " _1 oii and AW = Aoa 2 " -1 . 



Proof. Consider the first assertion. Note that A — A, A 1 — (A, fi 



(i) = 



ao/i,Q 



! ), and A n+1 = (A") 1 



because 

Therefore, by an induction argument, it suffices to prove the case n = 1. In other words, we need to 



^(n+l) =a 2" OM (n) and a 2" +i = (a 2" )2 ^ 



check the two axioms (2.3.1) with //W and a 2 . First, the multiplicativity for A 1 = (A, /iW = ao/j,,a 2 ) 
says 

This is true by the following commutative diagram: 




A® A 



The two rectangles on the left are commutative by the multiplicativity in A, and the right rectangle 
is trivially commutative. 

Next, the Hom-associativity for A 1 says 

o (a 2 ® ^ (1) ) = o (m (1) ® a 2 )- (2.11.1) 

This is true by the following commutative diagram: 



A® A® A 
A® A' 
A ® A ■ 



-> A ® A 



->■ A 



-> A 



->■ A® A 

v- 



(2.11.2) 
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The composition along the left and then the bottom edges is the left-hand side in (2.11.1). The 



composition along the top and then the right edges is the right-hand side in (2.11.1). The upper left 



rectangle is commutative by the Hom-associativity in A. The lower left and the upper right rectangles 
are commutative by the multiplicativity in A. The lower right rectangle is trivially commutative. 
We have shown that A 1 is a Horn-associative algebra, as desired. 

The second assertion, that each C n is a Hom-coassociative coalgebra, is proved by the exact 
dual argument. Indeed, for the case C 1 , simply invert the arrows and replaces /j by A in the two 
commutative diagrams above. Then an induction argument proves the assertion because, as above, 
C°=C and C n+1 = (C™) 1 . 

For the last assertion, since H° = H and H^- n+1 > = (iJ™) 1 as before, by an induction argument 
it suffices to prove the case n = 1. From the first two assertions, we already know that H 1 is 
both a Horn-associative algebra and a Hom-coassociative coalgebra. Thus, it remains to show the 



compatibility condition (2.3.3) for /xW and A^ 1 ), which says 



AW o m W = Gu«)® 2 o (2 3)o(A«)® 2 , 



(2.11.3) 



where (2 3) is the abbreviation for Id® r eg) Id (permuting the middle two entries). The condition 



(2.11.3) holds by the following commutative diagram: 

A®2 



H 



H 



-J. H ®2 



(2 3) 



(2.11.4) 



(2 3) 



H 



Along the left and the bottom edges of the big rectangle, the composition is the left-hand side of 



( 2.11.3). Along the top and the right edges of the big rectangle, the composition is the right-hand 



side of (2.11.3). The left square is commutative by the multiplicativity in H twice, and the upper 
middle rectangle is commutative by the comultiplicativity in H twice. The bottom right rectangle 



is commutative by the compatibility between /i and A in H, i.e., (2.3.3). The upper right rectangle 
is trivially commutative. □ 



In the context of Theorem P.llL we call A n 
associative algebra of A, C 
coalgebra of C, and W 



(A,n 



(n) 



a 



-1 2 

o fx, a 



the nth derived Hom- 



(C, A( n ) — Aoa 2 x ,a 2 ) the nth derived Hom-coassociative 
(H, n^ n \ A( n \ a 2 ") the nth derived Hom-bialgebra of H. Theorem 



2.11 will be used several times in the next few sections. 



Some remarks are in order. 



Remark 2.12. (1) In the proofs of the Hom-associativity in A 1 ( 2.11.2 ) and of the compatibility 



condition in H 1 ( 2.11.4 ), the (co)multiplicativity of a with respect to ijl and A is crucial. 
This is one reason why we insist on the (co)multiplicativity condition in the definition of 
a Horn- (co) associative (co) algebra, even though it was not part of the original definition in 

MM 



(2) Theorem 2.11 has obvious analogs for G-Hom-(co) associative (co)algebras 34, 36| with essen- 
tially the same formulations, provided the twisting map a is assumed to be (co)multiplicative. 
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Here G is any subgroup of the symmetric group on 3 letters. These objects are the Horn- 
type analogs of the G-(co) associative (co) algebras in H|. In particular, the second Twisting 
Principle 2.5 applies to Horn-Lie and Hom-Lie-admissible Hom-(co)algebras. It is also not 



hard to check that there are analogs of Theorem 2.11 for Hom-Novikov algebras |18, plj ], 
Horn-alternative algebras p2[ , and Horn-Lie bialgebras fl54j . 
(3) If we first use Theorem |2.6| (the first Twisting Principle) and then Theorem |2.11 (the second 



Twisting Principle), we actually obtain a special case of Theorem 2.6. Indeed, suppose (A, /i) 
is an associative algebra and a : A — > A is an algebra morphism. Applying Theorem 2.11 to 



the Horn-associative algebra A a = (A, /i Q = a o /i, a) in Theorem 2.6, we obtain 
(Ac) 1 = {A,n£ } = ao n a = a 2 o^,a 2 ). 



In other words, we have (^q) 1 = A a 2, which is Theorem 2.6 for a 2 . Inductively, we have 

(A a ) n = A a ^ 

for all n. Similar remarks apply to coassociative coalgebras and bialgebras. 
(4) On the other hand, there are examples of Horn-associative algebras and Hom-bialgebras that 



are not of the form A a , in which case Theorem 2.11 produces Horn-associative algebras and 
Hom-bialgebras that cannot be obtained from Theorem 2.6. For example, the free Horn- 
associative algebra generated by a non-zero module E^] and the universal enveloping Hom- 
bialgebra of a Horn-Lie algebra ^7], are not of the form A a . In fact, in A a — (A, fi a , a) 
(as in Theorem |2.6| ), the image of the multiplication /i Q = a a is contained in that of 
a. So given a Horn-associative algebra (or a Hom-bialgebra) , as long as the image of its 
multiplication is not contained in that of its twisting map a, the Horn-associative algebra 
(or the Hom-bialgebra) in question is not of the form A a . 

3. Quasi-triangular and cobraided Hom-bialgebras 

The purpose of this section is to establish the second Twisting Principle 2.5 for quasi-triangular 
and cobraided Hom-bialgebras. They are Horn-type analogs of Drinfel'd's quasi-triangular bialgebras 
H and of the dual objects of cobraided bialgebras ]l6|, ||[ ||l], fll). These Hom-quantum groups were 
first studied in (55[ ||(| , where the first Twisting Principle was established for them and where many 
examples can be found. 

To define quasi-triangular Hom-bialgebras, we need the following notion of units from |L^] . 

Definition 3.1. (1) Let {A, /z, a) be a Horn-associative algebra. A weak unit jl2| of A is an 
element c G A such that a{x) = cx = xc for all x G A. In this case, we call (A, [i, a, c) a 
weakly unital Hom-associative algebra. 

(2) Let (A, /i, a, c) be a weakly unital Hom-associative algebra and R £ A® 2 . Define the follow- 
ing elements in A® 3 : 

R 12 = R®c, R 23 =c®R, and R 13 = (r <g> Id){R 23 ). (3.1.1) 
Example 3.2 (|12| Example 2.2). If (A, /i, 1) is a unital associative algebra, then the Hom- 



associative algebra A a — (A, fi a , a) (Theorem 2.6) has a weak unit c = 1. □ 



Definition 3.3. A quasi-triangular Hom-bialgebra |35| is a tuple (H, fj,, A, a, c, R) in which 
(H, [i, A, a) is a Hom-bialgebra, c is a weak unit of (H,fj,,a), and R € H® 2 satisfies the following 
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three axioms: 



{A®a)(R) = R 13 R 23 , 
{a®A)(R) = R 13 R 12 , 
[A op (x)]R = RA(x) 



and 



(3.3.1a) 
(3.3.1b) 
(3.3.1c) 



for all x G H, where A op = r o A and the elements R\2, Ri 3 , and R23 are dehncd in ( 3.1.1 ). We call 
R the Hom-braiding element of H . 



In the axioms (3.3.1), the multiplication is done in each tensor factor. Thus, with R — ^2 Si®ti G 
if® 2 , the three axioms in ( |3.3.1 ) can be restated respectively as: 



a(si) (g) a(sj) 



titjy 



E 



a(si) <g> £■ <g> i" = ^ sjSi <g> a(ti) ® a (£,•), 



and 



E 



S2Si 



1 Xlti 



where A(s) =£11 ® x 2 , A( Si ) = ® s", and A(i,) =E*i®C 

The following result is the second Twisting Principle 2.5 for quasi-triangular Hom-bialgebras. It 
says that each quasi-triangular Hom-bialgebra gives rise to a derived sequence of quasi-triangular 
Hom-bialgebras with twisted (co)multiplications and twisting maps. If, in addition, the twisting 
map a is surjective, then there is a derived double-sequence of quasi-triangular Hom-bialgebras, 
where the Hom-braiding elements are also twisted. 

Theorem 3.4. Let (H,n,A,a,c,R) be a quasi-triangular Hom-bialgebra. 

(1) Then H n = (H, /i^™- 1 , A^- n \ a 2 , c, R) is a quasi-triangular Hom-bialgebra for each integer 
n>0, where fj,^ = a 2 ™" 1 o (i and A'"' = Ao a 2 " -1 . 

(2) If a is surjective, then H n ' k = (H 7 fi^ n \ A^ n \ a 2 ,c,R a ) is a quasi-triangular Hom- 
bialgebra for each pair of integers n, k > 0, where R a — (a k (g) a k )(R). 



Proof. Consider the first assertion. By Theorem 2.11 we already know that H n is a Hom-bialgebra 



As in the proof of Theorem 2.11 , since H° = H and H n+1 = (if n ) , by an induction argument it 
suffices to prove the case n = 1. In other words, we need to show that c is a weak unit of H 1 and 
that the axioms ( 3.3.1 ) are satisfied in H 1 . 

To see that c is a weak unit of H , pick any element x G H. With [i written as concatenation, 
we compute as follows: 

fi^ (x, c) — a(xc) 
= a 2 (x) 
= a(cx) 
= ^{c,x). 



This proves that c is still a weak unit of H 1 . It remains to prove the three axioms (3.3.1) for H . 

•a 2 )(R) = ^ 1 \R 13l R 23 ) 1 



The axiom (3.3.1a) for H 1 says 



(A 



(i) 
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where the right-hand side means applying fj,^> = a o /i in each of the three tensor factors. With 
R = Sj <g) tj, we compute as follows: 

(A« ® a 2 ){R) = ((a® 2 o A) <g> a 2 ){R) 

= a® 3 ((A®a)(i?)) 

= a 83 (R 13 R 23 ) 

= ^/j( 1) (s j ,c)®/iW(c, Sj) ® ^(t^tj) 
= ^(R 13 ,R 23 ). 

In the third equality above, we used the axiom ( [3.3. la ) for i/. Likewise, the axiom (3.3.1b) for H 1 

says 

(a 2 ®A«) (Ri 3 ,Ri 2 ). 
This is true by the following computation: 

(a 2 <8> A«)(i?) = a® 3 ((a ® A)(i?)) 
= a® 3 (i? 13 i?i 2 ) 

= a(sj-Sj) ® a(cti) (X) a(tjc) 
= /i (1) (^i3,i?i 2 ). 



In the second equality above, we used the axiom (3.3.1b) for H. Finally, the axiom (3.3.1c) for H 1 

says 

fj,(i-){{^))°P{x),R) = fiW(R,AW(x)). 
This is true by the following computation: 

nW((AW)°P(x),R) = a m {A op (a(x))R) 
= a® 2 (RA(a(x))) 
= A i (1) (i?,A( 1 )(a;)). 

In the second equality above, we used the axiom ( 3.3.1c[ ) for H, applied to the element a(x). We 
have shown that H 1 is a quasi-triangular Hom-bialgebra. By the remark in the first paragraph of 
this proof, we have proved the first assertion of the Theorem. 

Next consider the second assertion of the Theorem. It is proved in pBj (Theorem 3.3) that for a 
quasi-triangular Hom-bialgebra H with a surjective, the object H a ' k = (H, fi, A, a, c, R a ) is also a 
quasi-triangular Hom-bialgebra for each k > 0. Now apply the first assertion to H°' k , and observe 
that (H°- k ) n = H n ' k . □ 

Now we consider the dual objects of cobraided Hom-bialgebras. 

Definition 3.5. A cobraided Hom-bialgebra J5f| is a quintuple (H, fx, A, a, R) in which 
(H, /i, A, a) is a Hom-bialgebra and R is a bilinear form on H (i.e., R £ Hom(i?® 2 , k)), satisfy- 
ing the following three axioms: 

R o {p ® a) = R® 2 o (2 3) o (a® 2 <g> A), (3.5.1a) 
i?o(a®/i)=.R® 2 o(2 3 4)o(A®a® 2 ), and (3.5.1b) 
(/i <g> i?) o (1 2 3) o A® 2 = (R ® /i) o (2 3) o A® 2 . (3.5.1c) 
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Here (2 3), (2 3 4), and (1 2 3) mean permutations of the tensor factors. We call R the Hom- 
cobraiding form of H . 



In terms of elements x,y, z G H , the three axioms ( |3.5.1 ) can be restated respectively as: 
R(xy <8 a(z)) = ^ R(a(x) <g> zi)R(a(y) <g> z 2 ), 



® 2/2:) = J2(ari ® a(z))i?(a;2 ® «(?/)), and 



(x) 

^ y\x 1 R(x 2 ® 2/2) = R{x\®yi)x 2 y2- 

The following result is the second Twisting Principle 2.5 for cobraided Hom-bialgebras. It says 
that each cobraided Hom-bialgebra gives rise to a derived sequence of cobraided Hom-bialgebras 
with twisted (co) multiplications and twisting maps. If, in addition, the twisting map a is injective, 
then there is a derived double-sequence of cobraided Hom-bialgebras, where the Hom-cobraiding 
forms are also twisted. 

Theorem 3.6. Let {H, /x, A, a, R) be a cobraided Hom-bialgebra. 

(1) Then H" — (H, AW, a 2 ,R) is a cobraided Hom-bialgebra for each integer n > 0, 
where fi^ n ' — a 2 "^ 1 o /1 and AW = A o a 2 " -1 . 

(2) If a is injective, then H n,k — (H , fi^ n \ A'™', a 2 ,R a ) is a cobraided Hom-bialgebra for each 
pair of integers n, k > 0, where R a = R o (a k ® a k ). 



Proof. Consider the first assertion. As in the proof of Theorem 3.4, by an induction argument it 
suffices to prove that H 1 is a cobraided Hom-bialgebra. Since H 1 is known to be a Hom-bialgebra 
by Theorem it remains to establish the three conditions ( |3 .5.1 ) for H 1 . 

The axiom ( |3.5. la ) for H 1 says 

R o ( M « ® a 2 ) = R® 2 o (2 3) o ((a 2 )® 2 ® A«) . 
This is true by the following commutative diagram: 



(2 3) 



The left square is commutative by definition. The right square is commutative by the axiom (3.5.1a) 
for H. Likewise, the axiom fl3.5.1b|) for H 1 says 



R 



o (a 2 ® = R® 2 o (2 3 4) o (a« ® {a 2 f 
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This is true by the following commutative diagram: 

~®3 



H 



Qi 3 



■+ H 



03 



JJ(g>2 



JJ®2 



(2 3 4) 

-> k. 



Again the left square is commutative by definition, and the right square is commutative by the 



axiom (3. 5. It) for H. Finally, the axiom (3.5.1c) for H 1 says 

® R) o (1 2 3) o (A«)® 2 = (fl ® pW) o (2 3) o (A (1) )® 2 . 
This is true by the following commutative diagram: 



JJ®2 

( A (l))8 

(1 2 3) 

^-®4 



02 



H 

A® 2 

(1 2 3) 
= H = 



(2 3) 



ff. 



The left rectangle and the bottom right rectangle are commutative by definition. The top right 



square is commutative by the axiom (3.5.1c) for H. This finishes the proof of the first assertion of 
the Theorem. 

Next consider the second assertion. It is proved in J5(| (Theorem 5.1) that for a cobraided Hom- 
bialgebra H with a injective, the object H o k — (H, fj,, A, a, R a ) is also a cobraided Hom-bialgebra 
for each k > 0. Now apply the first assertion to H°' k , and observe that (H°' k ) n — H n > k . □ 

4. Representations of Hom-algebras 

The purpose of this section is to study (co)modules over Hom-(co)associative (co)algebras. We 
first establish the second Twisting Principle 2.5 for modules over Horn-associative algebras. In 
particular, we show that each module over a Horn-associative algebra gives rise to a derived double- 



sequence of modules with twisted actions (Corollary 4.4). For the first Twisting Principle 2.5, 
starting with a module in the usual sense and a suitable pair of morphisms, we obtain a derived 



double-sequence of modules over Horn-associative algebras (Theorem 4.5). As examples, we con- 
struct multi-parameter, uncountable classes of modules over the Horn-quantum enveloping algebras 
U q {sin)a x (Examples 4.8 - 4.1C). The Twisting Principles for modules over Horn-associative algebras 



can be dualized to comodules over Hom-coassociative coalgebras (Theorems gll|andglg) 



Definition 4.1. Let (A, fiA, a a) be a Horn-associative algebra and (C, Ac, etc) be a Hom- 
coassociative coalgebra (Definition 2.3). 
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(1) A Horn-module is a pair (M, o>m) consisting of a k-module M and a linear self-map 
ctM ■ M — > M. A morphism of Horn- modules /: (M, om) — > (N, a^) is a morphism of the 
underlying k-modules that is compatible with the twisting maps, in the sense that ocn ° f — 
f o ctM. The tensor product of two Horn- modules M and N is the pair (M ® N, oim ® ckjv)- 

(2) An A-module is a Hom-module (M, oim) together with a linear map p: A®M — * M, called 
the structure map, such that 

OiM ° P = P ° (oca ® «m) (multiplicativity) , 

(4.1.1) 

p o [a a ® p) = p o (pa ® ocm) (Horn- associativity). 

A morphism / : M — > N of A- modules is a morphism of the underlying Horn- modules that 
is compatible with the structure maps, in the sense that 

/ o p M = PN o(Id A ® /)• (4.1.2) 

(3) A C-comodule is a Hom-module (M, olm) together with a linear map p: M — > C <g> M, 
called the structure map, such that 

p o olm = (etc ® oi m) ° P (comultiplicativity), 

(4.1.3) 

(ac ® p) ° p — (Ac ® q;m) ° P (Hom-coassociativity). 
A morphism / : M — > iV of C-comodules is a morphism of the underlying Horn-modules that 
is compatible with the structure maps, in the sense that (Idc ® f) o pm = Pn /• 



Note that the (co) multiplicativity conditions in (4.1.1) and (4.1.3) are equivalent to p being a 
morphism of Horn-modules. The following result is a version of the second Twisting Principle 2.5 
for modules over a Horn-associative algebra. 

Theorem 4.2. Let (A, /i, cxa) be a Horn-associative algebra and (M,au) be an A-module with 
structure map p: A® M — > M. For each integer n > 0, define the map 

p nfi = po(a n A ® Id M ) ■ A®M -> Af. (4.2.1) 

Then each p n '° gives the Hom-module M the structure of an A-module. 

Note that if p(a,m) is written as am, then p n '°(a,m) = a r A (a)m. The meaning of the in p n '° 



will be made clear in Corollary 4.4 below 



Proof. Since p 0,0 = p, p 1 ' = po (otA ® IoIm), and 

p n+l,0 = p nfi Q {aA g, Mm) = ( iO n,0 ) l,0 ) 

by an induction argument it suffices to prove the Theorem for the case n = 1. In other words, we 
need to prove that p 1 ' — po (cya ® IdM) gives M the structure of an A-module. To check this, first 
observe that the multiplicativity ( |4.1.l| ) of p 1,0 says 

olm ° P 1 ' = P 1 ' o (a a ® a M )- 
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This is true by the following commutative diagram: 



A®M > A®M 



a A (31d M 



A®M > A®M 



M 



M. 



The top rectangle is commutative because both compositions are equal to a\ ® cum- The bottom 
rectangle is commutative by the multiplicativity of p. 

Likewise, the Hom-associativity ( |4.1.l| ) of p 1,0 says 

p 1 ' o (a A ® p 1 ' ) = p 1 ' o (p A ® a M ). 

This is true by the following commutative diagram: 



A ig) A ig) M 

a A ®a A ®Id M 

A® A®M 
Id A (g>p 

A®M 



-> A®M 



a A ®Id M 



A® A&M 



-> A® M 



a A c$ld M 



-)■ A®M 



-> M. 



Here the left vertical composition is a a ® p 1 ' - The right vertical and the bottom compositions are 
both equal to p 1 ' . The top rectangle is commutative by the multiplicativity of a a (2.3.1). The 



bottom left rectangle is commutative by definition, while the bottom right rectangle is commutative 
by the Hom-associativity of p ( |4.1.l| ). □ 

Note that in Theorem [T^, only the structure map p is twisted (by a\ ® I (1m), while A and 
M remain unchanged. The following result is another version of the second Twisting Principle 2.5 
for modules over a Horn-associative algebra, where A, M, and the structure map are all twisted 
simultaneously. 

Theorem 4.3. Let [A, p,, q^) be a Horn- associative algebra and (M,cxm) be an A-module with 
structure map p: A® M — > M. For each integer k > 0, define the map 

p°' k = a u ~ x o p: A <g) M -> M. 

Then each p 0,fe gives the Horn-module M k = (M,a M ) the structure of an A k -module, where A k is 
the kth derived Horn-associative algebra (A, p^ = a 



1 o /i, a A ) in Theorem 



2.11 



Proof. Since p ' = p, p' 



„o,i _ 



an P, P 



p.k+i _ „2 k 



a M op 



o.h 



; , M k+1 = (M k ) 1 , and A k+1 = (A k )\ by 



an induction argument it suffices to prove the case k = 1. In other words, it suffices to prove that 
= ctM°P gives M 1 — (M, a 2 M ) the structure of an A 1 -module, where A 1 = (A, p^ = o^op, ct A ). 



P 



First, the multiplicativity (4.1.1) in this case says 



all ° P ' 1 = P ' 1 ° (a 2 A ® a 2 M ). 
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This is true by the following commutative diagram: 

P O-M 



A® M 



A® M 



-> M 



-> M 



-> M 



-¥ M 



M 



-4 M. 



The two rectangles on the left are commutative by the multiplicativity of a a and olm with respect 
to p, i.e., 

fl4.1.]j ) for the A-module M. 
Next, the Horn- associativity ( [4.1. l[ ) in this case says 

p°> 1 o(a A ®p ' 1 )=p°' 1 o(^)®a M ). 
This is true by the following commutative diagram: 



A ® A <g> M 



A<g>M 



-> .A <g> M 



■4 M 



-> M 



-> M. 



The lower left and the upper right rectangles are commutative by the multiplicativity for the A- 
modulc M . The upper left rectangle is commutative by the Hom-associativity for the A-modulc 
M. □ 



Starting with a given module over a Horn-associative algebra, we now combine Theorems 4.2 and 
4.3 to obtain a derived double-sequence of modules. 



Corollary 4.4. Let {A, p., a^) be a Horn-associative algebra and (M, cum) be an A-module with 
structure map p: A® M — > M . For any integers n, k > 0, define the map 



air 1 o po (a A 



Id 



A®M^M. 



P - "M 

Then p n ' k gives the Horn-module M k = (M, a 2 M ) the structure of an A k -module, where A k is the 

bra (A, fJ- k } = a A _1 o p,a 2 A ) in Theorem 2.11. 



kth derived Horn-associative 



Proof. Apply Theorem 4.2 to the A-module M with structure map p n, ° 
l|, and observe that p n < k = (p n -°)°- k . 



po(a A ®IdM) in Theorem 
□ 



If p{a,m) = am, then p n ' k {a,m) = a 2 M 1 {a A {a)m). Notice that our notations for p*'* are 
consistent, in the sense that p n, ° has the same meaning in Corollary 4.4 and Theorem 4.2. Likewise, 



p"''° has the same meaning in Corollary 4.4 and Theorem 4.3. In the context of Corollary 4.4, we 
call the A. fe -module M k with the structure map p n,k the (n, fc)-derived module of M. 



Using Corollary 4.4 we now prove a version of the first Twisting Principle 2.5 for modules in the 
usual sense. 
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Theorem 4.5. Let (A, pa) be an associative algebra and M be an A-module in the usual sense with 
structure map p: A ® M — * M . Suppose a a ■ A — > A is an algebra morphism and cxm '■ M — > M is 
a linear self-map such that 

olm ° P = P ° {a a <8> a M )- (4.5.1) 
For any integers n, k > 0, define the map 

p% k = a 2 M opo(a n A ® Id M ) : A®M -> M. 

Then each p™' k gives the Horn-module M k — (M, a M ) the structure of an Ap-module, where (3 — a\ 



and A/3 is the Horn-associative algebra (A,pp — [3 o pa,P) in Theorem 2.C. 



Proof. Using Corollary 4.4, it suffices to prove the case n = k = 0, i.e., that p a = p a '° — aM P 
gives M a = (M, «m) the structure of an A Q -module, where A a is the Horn-associative algebra 
{A, p a = aA ° PA,ctA}- Indeed, once this is proved, we can then apply Corollary 4.4 to the A a - 



module M a , and observe that 



a 2 M 1 ° Pa° {a A ®Id M ) 



a 



M 



o p o (a A ® %) 



(4.5.2) 



and that (A a ) k = A a2k = A (Remark 2.12). 

To prove that M a is an A^-module with structure map p a - 
axioms in ( |4.1.l| ). First, the multiplicativity for p a says 

01 M ° Pa = Pa O (ctA <8> «m)- 

This is true by the following commutative diagram: 

P a M 

A®M > M 



om ° p, we need to prove the two 



4 M 



A® M 



-> M 



-> M. 



The left rectangle is commutative by the assumption (4.5.1). On the other hand, the Horn- 
associativity for p a says 

Pa O {aA <8> Pa) = Pa° {Pa ® «m)- 

This is true by the following commutative diagram: 



A® A®M 

Id A ®p 

A®M — 



a A ®a M 

-> A®M > A® M 



p 

-> M 

OtM 



-> M 



A® M 



-> M 



-> M. 



Here the top horizontal and the left vertical compositions are p a ® aM and a a ® Pa-, respectively. 
The top left rectangle is commutative because M is an A-module in the usual sense. The top right 



and the bottom left rectangles are commutative by the assumption ( 4.5.1 ). We have shown that M a 
is an A^-module with structure map p a . □ 
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Definition 4.6. In the setting of Theorem 4.5, the A 2 * -module — (M, a\j) with the structure 
map p% = a% 
denoted M^ k . 



map p™' k = a 2 M opo {a\<8> IcIm) is called the (n, fc)-derived module of M with respect to (au, «m), 



Theorem 4.5 says that, starting with an A-module M in the usual sense, every pair of maps 
(o>A,OiM) satisfying (4.5.1) gives rise to a derived double-sequence of modules {M2' k } n ,k>o over 



Horn-associative algebras. If we write p(a, m) as am, then the condition (4.5.1) says that ajj(flm) = 
aA(a)aM(rn) for all a £ A and m £ M. So the (n, fc)-dcrivcd module M™' k has structure map: 

p£ k (a,m) =a 2 M(a A (a)m) 

= a A k+n (a)at I {m). 



Theorem 4.5 is our main tool for constructing examples of modules over Horn-quantum groups. To 



use it, we need to check the condition (4.5.1). The following labor-saving result says that we really 



only need to check (4.5.1) for algebra generators of A and basis elements of M. 



Proposition 4.7. Let (A, ha) be an associative algebra and M be an A-module in the usual sense 
with structure map p: A ® M — » M . Let a a ■ A — > A be an algebra morphism and ctu ■ M — > M 
be a linear self-map. Suppose that X = {a^} is a set of algebra generators of A and that {rrij} is a 
h-linear basis of M such that 

a M (aimj) = aA(ai)a M (mj) (4-7.1) 
for all a,; £ X and mj £ M . Then (4.5.1) holds, i.e., 



a M (am) = a A (a)a M (m) 



for all a £ A and m £ M. 



Proof. For an element a £ A, we say that C a holds if Qj\f(am) = a^fajaMH f° r a ^ 171 £ M. 
We must show that C a holds for all a £ A. Since {mj} is a linear basis of M, it follows from the 
assumption (4.7.1) and the linearity of o.m that C ai holds for each m £ X. Since X = {a^} is a set 



of algebra generators of A, it remains to show the following statements: 

(1) If C x holds and c £ k, then C cx holds. 

(2) If C x and C y hold, then so does C x+y . 

(3) If C x and C y hold, then so does C xy . 

The first two statements are immediate from the definition of C a . For the last statement, pick an 
arbitrary element m £ M. Using C x , C' y , and the fact that M is an A-module, we have 

a M {{xy)m) = a M (x{ym)) 

= a A (x)a M {ym) by C x 

= a A (x) (a A (y)a M (m)) by C y 

= (a A (x)a A (y)) a M (m) 

= aA(xy)a M (m). 

In the last equality above, we used the assumption that ola is an algebra morphism. Thus, C xy 
holds, as desired. □ 



Using Theorem 4.5 and Proposition 4.7, we now construct multi-parameter classes of modules 
over the Horn-quantum enveloping algebras U q (sl n ) ax (Examples 2.E). 
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Example 4.8 (Finite dimensional modules over U q (sl2) a ). Recall from Example 2.9 the Horn- 
quantum enveloping algebra U q {B\%) ax , where the bialgebra morphism a\ : U q (sl2) — > Uqfek) is 
defined on the algebra generators by 

a x (E) = XE, a x (F)^\- 1 F, and a x {K ±] -) = K ±x (4.8.1) 

for a fixed invertible scalar A G C. In this example, we construct four-parameter, uncountable 
classes of finite-dimensional derived modules over the Horn-quantum enveloping algebras of SI2 by 
applying Theorem L5 to finite-dimensional simple [/^(s^-modules. The references for these simple 
[/ 9 (sl 2 )-modules are ||, g|. 

Assume that q E C\{0} is not a root of unity. For each integer n > and e E {±1}, there is 
an (n + l)-dimensional simple [/ g (s[ 2 )-module V(e,n). Let {wi}™ =0 be a basis of V(e,n). Then the 
U q (sl2)-module action p on V(e, n) is determined by 

Kvi = eq n ~ 2l v u Ev % = e[n - i + l] g Vi_i, and Fv x = [i+ l] q v i+ i, (4.8.2) 

= v n+ i and the q-integers were as defined in (2.10.2). To use Theorem 4.5 



where v—i 



on the 



simple f7g(sl2)-module V(e, n), we need linear maps on V(e, n) such that (4.5.1) is satisfied. Such 
maps can be constructed as follows. 

Pick any scalar £ E C, and define : V(e, n) — » V(e, n) by setting 

a&i) = ZX^Vi (4.8.3) 
for all i. We claim that a>\ and satisfy ( |4.5.1 ), i.e., 

a^(uv) — a\(u)a^(v) (4.8.4) 



for all u E U q (s\2) and v E V(e,n). By Proposition [4.7| we only need to check (4.8.4) for the algebra 
generators u E {E,F, K^ 1 } of U q {s\>i) and for the basis elements v E {wi}f =0 °f ^( e : n )- When 
u = K^ 1 , we have 

= Z\- i (eq n - 2i ) ±1 v i 
= K^^X-'vi) 

Likewise, when u — E, we have 

at(Evi) = a e (e[n - i + 



(4.8.5) 



-(i-i) 



Finally, when u = F, we have 



e[n — i + l] q £A 

(A£)(£A-^) 

aA(J5)a^(«i). 



ag(F«i) = ag([i + l) q v i+1 ) 

= [i + l] g £A-( 4+1 Vi 
- (A- 1 F)(£A-^ l ) 
= a A (F)a^(ui). 



Vi-l 



(4.8.6) 



Therefore, ( |4.8.4| ) is satisfied. 
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By Theorem [4.5| , for any integers r, k > 0, there is an (n + l)-dimensional derived t/ 9 (s [2 ^-module 
V(e, n)£ = (V(e, n), a? ), where (3 = a\ 2 = a x2 k , with structure map 



Pa 



a| o po (a\ ® Id V ( e ,n)) '■ U q (sh) <S> V(e, n) — * V(e, n). 



More explicitly, using ( |4.8.l| ), ( f4.8.2| ), and ( ^.8.3| ), we have 

Pa ( K ,Vi) = (eq ) (£A ) Vi, 

p r *(E,Vi) = e[n-i + l} q e k X r - 2k(l - 1) v^ u and 

p r a k (F,v l ) = [ l + l] q e k X- r - 2 * (i+1) « i+ i. 

Given n > 0, we have constructed an uncountable, four-parameter family 

{V(e, n) r a k : A G C \ {0}, £ e C, r, k > 0} 

of (n + l)-dimensional derived modules over the Horn-quantum enveloping algebras U q {styp- We 
recover the original [n + l)-dimensional simple J7 9 (s ^-module V(e, n) by taking A = £ = 1, since in 
this case both (3 and are the identity maps. □ 

Example 4.9 (Hom-Verma modules over U q (sl2) a )- In this example, we construct a four- 
parameter, uncountable class of infinite-dimensional derived modules over the Horn-quantum en- 
veloping algebras of 5I2 by applying Theorem 4.5 to the Verma modules over U q (sl2)- The references 
for the Verma modules are || (Chapter 10) and |2ij (Chapter VI). 

We keep the notations of the previous example, so we are still working over C, and ggC\ {0} is 
not a root of unity. Pick any non-zero scalar rj £ C, and consider the infinite-dimensional C-module 
Mg(ry) with a basis {vi : i > 0}. Then M q (rf) is a [/,j(s ^-module, called the Verma module, where 
the J7 g (s[2)-module action p is determined by 

Fvi = [i+ l] q v l+1 , 
q~ l r) — q % r\~ x 

-1 = Zi v i' 



(4.9.1) 



and Evq = 0. 



Define : M q {rf) — ► M q {-q) as in ( [4.8.3 ), i.e., a^(vi) — £\~ l Vi. We claim that ( 4.5.1 ) holds in this 
situation. By Proposition 4/7 it suffices to check ( 4.5.1 ) for the algebra generators {E, F, K ±x } of 
U q (si2) and for the basis elements Vi £ M q {rj). The necessary computation is similar to the previous 
example. We have 



a^(Ei 



q V 



q*r} 1 



q-q 

- z q~ l V 



i — 1 
If] 



q-q 

= £\- i (Ev i+1 ) 

= (XE)(^X-^v l+1 ) 
= a\(E)a^(v i+ i). 



The computation proving a^(Fvi 



a\(F)a^(vi) is identical to (4.8.6). Finally, to prove 



a^K^vi) = a\{K ±1 )a^{v i ) , one uses the computation ( [4.8.5|) with eq n replaced by r\q 



-2i 
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Therefore, by Theorem 4.5, for any integers r, k > 0, there is an infinite-dimensional U q (sl2)p- 
module M q {rf) r ^ k = (M q (rj), a^), where f3 = ct\^ — a x2 k , with structure map 



P r a k 



opo (a x r ® Id) : U q (sl 2 ) » M q {r}) -> M q (r]). 



More explicitly, using ( |4.8.l| ), ( [4.8. 3|) , and ( [4.9. l| ), we have 

p r > k (K ± \v i ) = (r iq - 2i )±\t\- i fvi, 



p r a k (E,v l+1 ) = 



q -r\-q"r] 



-e X 



and 



q - <r 

p r a k (F,v l ) = [ t + l] q e k X- r - 2k ^v t+u 

where w_i = 0. Given a non-zero scalar 77 g C, we have constructed an uncountable, four-parameter 
family 

{M ? (^:AeC\{0UeC, r,k>0} 

of infinite-dimensional derived modules over the Horn-quantum enveloping algebras U q (sl2)p. We 
recover the original Verma module M q (r]) by taking A = £ = 4. □ 

Example 4.10 (Finite dimensional modules over U q (sl n ) a ). Assume that q £ C \ {0} is 
not a root of unity, and fix an integer n > 2. In this example, we construct an uncountable, 
(n + 2)-parameter family of n-dimensional derived J7 9 (s[ n )Q,-modules by twisting some standard 
[^(strO-modules [[l7| (Example 4.2.7). Here U q (sl n ) a are the Horn-quantum enveloping algebras 
of s[„ constructed in Example |2.9| , whose Cartan matrix is described in (2.9.3). In particular, 
the quantum enveloping algebra U q (sl n ) is generated as a unital algebra by {E tl F i7 ^ 1 }^T 1 1 with 
relations ( |2.9.4 ). The bialgebra morphism a\ : U q (sl n ) — ► U q (sl n ) is defined in ( [2.9.5 ): a\(Kf r ) = 
Kf\ a x {Ei) = XiEi, and a x (Fi) = X^F,. 

Let V n be an 71-dimensional C-module with a basis {vi}f =1 . It is a L r 9 (st Il )-module whose structure 
map p is determined by 

8ijv l+ i, 



E t Vj = 5 i+ i t jVi, 



FiVj 



and 



q Tl v i+ i 



if 3 = i, 
if j = i + l, 
otherwise. 



(4.40.4) 



Fix a scalar (SC. Consider the linear map : V n — > V n defined by 

a^(vi) = C(Ai • • • Aj_i) _1 Wi, 



(4.40.2) 



where, when i = 4, the empty product Ai • • • Ai_i is taken to mean 1. We claim that (4.5.4) holds, 
i.e., a^(uv) = a\(u)a^(v) for all u £ U q (sl n ) and v £ V n . By Proposition 4.7 it suffices to check this 
for the algebra generators u £ {Ei, Fj, Kf^YlZx of U q (sl n ) and for the basis elements v £ of 
V n . This is easily checked on a case-by-case basis as in the previous two examples. In fact, we only 
need to consider the pairs (u,v) where uv 7^ in (4.40.4). We have 

Ct(:(EiV i+1 ) = Ot£(Vi) 

= e(Ai---A^!)-V 

= (X l E t ){£{X 1 ---X l )- 1 v l+1 ) 

= a\(Ei)a>z(v i+ i). 
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Likewise, we have 



= £(Ai • ■ ■ X i y 1 v l+ i 

= (\i 1 F i )(Z(\ 1 -.-\ i _ l )- 1 v i ) 



Finally, for the case u = Kf 1 with a fixed i G {1, . . . , n — 1}, set 



if j = i, 



Pij 




otherwise. 



Then we have Kf^i 



- PijVj and 



Therefore, by Theorem |4.5| , for any integers r, k > 0, there is an n-dimensional derived U q (sln)p- 
module {V n ) r ^ k — (Vn,a| ), where (3 = ax 2 * , with structure map 

P r a k = of o p o (a A r ® Id) : 17, (sin) <8> V„ -> K- 
More explicitly, using (§jTf), (pM| ), and ( p~l~0^ ), we have 



pS fe (Si,^-) = 5 i+ i,^ 2 (Ai • •• Vx)- 2 Af«(, 
Pa'*(*i>«j) = ^e 2fc (A 1 ---A l _ 1 )- 2 ' I A- r " 2fc ^+i ! and 
pS*(«f 1 ,t;i)=J»«e 2fc (Ai-A J _ 1 )- afc t; i . 
In summary, given n > 2, we have constructed an uncountable, (n + 2)-parameter family 

{(V n ) r f : Ai, . . . , Xn-i G C \ {0}, £ G C, r, fe > 0} 

of n-dimcnsional derived modules over the Horn-quantum enveloping algebras U q (sl n )p. We recover 
the original J7 g (sl„)-module V n by taking Aj. = • • ■ = A n _i = £ = 1. □ 



Corollary 4.4 and Theorem 4.5 can be readily dualized by inverting the arrows and replacing p, 
by A in the various commutative diagrams in their proofs. Therefore, we omit the proofs of the 
following two results, which are dual to Corollary 4.4 and Theorem 4.5, respectively. 

Theorem 4.11. Let (C, A, etc) be a Hom-coassociative coalgebra and {M,um) be a C-comodule 
with structure map p: M — ► C ® M. For any integers n, k > 0, define the map 

p n > k = (a c ® Id M ) opo afj- 1 : M -» C ® M. 

Then each p n ' k gives the Horn-module M k = (M,a 2 M ) the structure of a C k -comodule, where C k is 
the kth derived Hom-coassociative coalgebra (C, A( fe ) = A o a 2 c — 1 , a c ) in Theorem 2.11. 

Theorem 4.12. Let (C, Ac) be a coassociative coalgebra and M be a C-comodule in the usual sense 
with structure map p: M — » C®M . Suppose ac ■ C — > C is a coalgebra morphism and c\m ■ M — > M 
is a linear self-map such that 

p o a M = (ac ® a M ) ° P- 
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For any integers n,k > 0, define the map 



p^ k = ( a ™ ® Id M ) op: a M : M ^C®M. 
Then each p™' k gives the Horn-module — (M, a 2 M ) the structure of a Cp-comodule, where [3 — a 2 



and C/3 is the Hom-coassociative coalgebra (C, A^ = Ac ° j3, (3) in Theorem |^ 



5. Module Hom-algebras 

Module-algebras play an important role in quantum group theory. In this section we study the 
Horn version of a module-algebra, called a module Hom-algebra, which consists of a Horn-associative 



algebra with a suitable module action by a Hom-bialgebra. In Theorem 5.4 we provide an alternative 



characterization of the module Hom-algebra axiom (5.1.1). Then we establish the two Twisting 



Principles 2.5 for module Hom-algebras (Theorems 5.5 and 5.6). Examples of module Hom-algebras 



related to Horn-quantum geometry on the Horn-quantum planes (Example 2.7) are considered in 



Examples 5.7 and 5.8 



Before we give the definition of a module Hom-algebra, let us first recall the definition of a 
module-algebra. Let H be a bialgebra and A be an associative algebra. Then an i/-module- 
algebra structure on A consists of an iJ-module structure p: H £g> A — > A, written p(x,a) = xa, 
such that the module-algebra axiom 

x(ab) = ^2(xia)(x 2 b) (5.0.1) 

(a) 

is satisfied for all x £ H and a, b £ A. Recall that we use Sweedler's notation A(x) — Y^(%) x ± ® x 2 
for comultiplication. In element-free form, the module- algebra axiom is 

p o (Id H ® p A ) = p A o p® 2 o (2 3) o (Ajj ® Id A ® Id a), 

where (2 3) = Idn <8> th.a ® I&A and th,a '■ H ® A ~ A® R \s the twist isomorphism. 

We already defined Horn-associative algebras, Hom-bialgebras (Definition 2.3), and modules over 



a Horn-associative algebra (Definition 4.1). So to define the Horn version of a module-algebra, we 
need a suitable Horn-type analog of the module-algebra axiom. 

Definition 5.1. Let (H, pn , A# , an) be a Hom-bialgebra and (A, pa,cx-a) be a Hom-associative 
algebra. A ii-module Hom-algebra structure on A consists of an If-module structure p: H®A 



A (as in Definition 4.1) such that the module Hom-algebra axiom 



a 2 H (x)(ab) = y^(xia)(x2b) 

0) 



(5.1.1) 



is satisfied for all x £ H and a, b £ A, where p(x, a) 



xa. 



In element- free form, the module Hom-algebra axiom ( 5.1.1] ) is 

p o (a 2 H ® p A ) = P-a o /o® 2 o (2 3) o (Ah ® Id A <8 Id A )- 



(5.1.2) 



An iJ-module Hom-algebra with an = Idu and a a — IdA is exactly an 7?-module-algebra in the 
usual sense. We will prove the Twisting Principles 2.5 for module Hom-algebras. Before that let us 



give a more conceptual characterization of the module Hom-algebra axiom (5.1.1). To do that we 
need the following preliminary result. 
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Proposition 5.2. Let (H, p, A, an) be a Hom-bialgebra, and let (M, cum) and (N, a^) be H -modules 
with structure maps pm and pjy, respectively. Then M N is an H -module with structure map 

Pmn = (pm <8> pn) o (2 3) o (A ® Id M ® Id N ) : H®M®N^M®N 7 (5.2.1) 

where (2 3) = Idn <8> th,m ® -^djv arl ^ TH",M '■ H ® M ^> M ® H is the twist isomorphism. 

Proof. We need to prove the two conditions in ( [4.1.l| ) for pmn and an ® a at. First, the multiplica- 
tivity condition for Pmn says 

(a M ® a at) o pjvfjv = Pmn ° (as <S> «m <8 ajv). 
This is true by the following commutative diagram: 



H ® M ® N ■ 

ff® 2 ®M®N 

(2 3) 

H ® M ® H ® N 

Pm®Pn 

M ® N ■ 



a" <<$a M ($a N 



aHQSO!M<l9aHQ9aN 



— > H ® M ® N 

A<&Id M <&Id N 

-> H® 2 ®M®N 

(2 3) 

-> // M®H®N 

PM&PN 

-> M (g) TV. 



The top rectangle is commutative by the comultiplicativity in ff. The middle rectangle 
mutative by definition. The bottom rectangle is commutative by the multiplicativity for 
Pa- 

Next, the Horn- associativity for pmn says 

Pmn o {olh ® Pmn) = Pmn o(p®a M ® a N ). 



is com- 
Pm and 



(5.2.2) 



To prove ( 5.2.2 ), we use the abbreviations: 

p' = (pm ® Pn) o (2 3) : i?® 2 ®M®7V^M(g>iV, 
,/ = ,i® 2 o(2 3):i?® 4 ^^ 2 , 
P = M ®N, and 

With these notations, we have 

Pmn = (pm ® Aa) ° (2 3) o (A ® % ® Jdjv) 
= p'o(A(g)7dp) 

and 

Ao p = p m o (2 3) o A® 2 
= M ' o A® 2 



(5.2.3) 
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by ( 2.3.3| ). The commutativity of the following diagram proves ( 5.2. 2| ): 



a H ®A®Id P Id H ®p' 

H® 2 <g P > H m (g) P >■ H®P 




H m ®P 



■+ H® 2 ® P 



/J 49Qp 



H®P 



-> P® 2 <g> P 



P. 



The composition along the top and then the right edges of the big square is the left-hand side of 
( 5.2.2Q . The composition along the left and then the bottom edges of the big square is the right- 
hand side of ( 5.2.2| ). The left trapezoid is commutative by ( |5.2.g ). The top trapezoid is commutative 
by the comultiplicativity in H . The bottom right square is commutative by the Hom-associativity 
( |4.1.1| ) for p M and p N . □ 



Proposition 5.2 has an obvious analog for comodules. Its proof is exactly dual to that of Propo- 
sition 5.2. Indeed, to prove the two conditions in (4.1.3) for the tensor product of two comodules, 



one simply inverts the arrows and interchanges p and A in the two commutative diagrams in the 
proof of Proposition |5.2[ Thus, we will omit the proof of the following dual result. 



Proposition 5.3. Let (H, p, A, au) be a Hom-bialgebra, and let (M,o.m) o,nd (N,ckn) be H- 
comodules with structure maps pM and pm, respectively. Then M ® N is an H-comodule with 
structure map 

-- (p ® Id M ® Id N ) o (2 3) o (p M (g) p N ) : M®N->H®M®N, 
tm.h ® Id N . 



Pmn 

where (2 3) = Idn i 



In the following result, we give an alternative, more conceptual characterization of a module 



Hom-algebra (Definition 5.1), generalizing a similar characterization of module-algebras. 



Theorem 5.4. Let H = (H, pn, A//, an) be a Hom-bialgebra, A = (A, pa, c<a) be a Horn-associative 
algebra, and p: H <g> A — > A be an H -module structure on A. Then the module Hom-algebra axiom 
( pM.l| ) is satisfied if and only if pa ■ A® 2 — > A is a morphism of H -modules, in which A® 2 and A 



are given the H-module structure maps paa (|5.2.1 ) and p 2:0 (4.2.1), respectively 



Proof. Since A is a Horn-associative algebra, we already know that pa is a morphism of Horn- 
modules. In the module Hom-algebra axiom ( |5.1.1 ), the left-hand side is 

a 2 H {x)(ab) = (p 2 '° o [Id H <g) p A )) {x®a® b). 



Likewise, the right-hand side in (|5.1.1) is 



*^2(xia)(x 2 b) = (pa o paa) (x (g> a ® b). 

(x) 



2.x 
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Therefore, the module Hom-algebra axiom (5.1.1) is equivalent to 

p 2 '°o(Id H - 
This equality is equivalent to \xa ■ A® 2 



PA) = PA° PAA- 

A being a morphism of //-modules (see ( 4.1. 2| )), provided 
2 and A are equipped with the if- module structure maps paa and p 2,0 , respectively. □ 



We now prove the Twisting Principles 2.5 for module Hom-algebras along the lines of Corollary 



4.4 



and Theorem 4.5. We begin with the following version of the second Twisting Principle, which 



says that every module Hom-algebra gives rise to a derived double-sequence of module Hom-algebras. 



Theorem 5.5. Let H 

algebra, and p: H ® A 
define the map 



(H, /ih, Ajy , an) be a Hom-bialgebra, A — (A, f/,A, ola) be a Horn-associative 
> A be an H -module Hom-algebra structure on A. For any integers n, k > 0, 



P 



4 opo (a H <g> Id A ) ■ H (g) A—> A. 



Then p n,k gives A k the structure of an H k -module Hom-algebra, where A k is the kth derived Horn- 
associative algebra [A, /ij^ — a 2 A _1 o p,A,ce A ) an d H k is the kth derived Hom-bialgebra (H,(Xjj = 



tyK t \ [h) A 2 1 2 \ 7 I 

a H ofi Hl A H = Ah ° a H ,c<h) in Theorem 2.11. 



Proof. Exactly as in Corollary 4.4, since p n ' — (p™' u ) u ' fe ; it suffices to prove the cases p n '° and p' 



„0,k 



Furthermore, as in Theorems 4.2 and 4.3, by an induction argument it suffices to prove the two cases 
1,0 and p ' 1 . Since Corollary 4.4 already tells us that A k is an if fe -module with structure map p n,k , 



P 



in each of the two cases and p 0,1 we only need to prove the module Hom-algebra axiom ( |5.1.1| ), 
or equivalently ( 5.1.2 ). 

For the case p 10 = po [o.h ® IdA), first note that A — A and H° = H . Thus, the module 



Hom-algebra axiom (5.1.2) for p 1 ' says 

P 1 - o (a 2 H ® p A ) =Pao (p 1 ' )® 2 o (2 3) o (A h ® Id A ® Id A ). 
This is true by the following commutative diagram, where we abbreviate A® 2 to B: 

A®/d B „„ (u H ® Id a)® 2 o(2 3) 



(5.5.1) 




H ® A 



-> H <g) A 



->• A. 



The composition along the left and then the bottom edges is the left-hand side in ( [5.5.1 ). The 
composition along the top and then the right edges is the right-hand side in ( 5.5.l| ). The left 
trapezoid is commutative because both compositions are equal to a H ® \ia- The top parallelogram 
is commutative by the comultiplicativity in H ( 2.3.2 ). The top right trapezoid is commutative by 
definition. The bottom right rectangle is commutative by the ii-module Hom-algebra axiom of A 

(HI)- 
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For the case p 0,1 = a a ° p, the i7 1 -module Hom-algebra axiom for A 1 ( |5.1.2| ) says 
P ' 1 o {a% <8 i$) = $ o (p - 1 )® 2 o (2 3) o (Ag> ® Jd A <8 Wa). 
With B = A® 2 , the following commutative diagram proves ( 5.5.2| ): 



(5.5.2) 



(Aoa H )®Id B p» 2 o(2 3) 

H®B > H® 2 <g> B > B 



IcIh®HA 




The composition along the left and then the bottom edges is the left-hand side in (5.5.2). The com 



position along the top and then the right edges is the right-hand side in (5.5.2). The left triangle is 
commutative because both compositions are equal to a H (g> (a a ° Pa)- The top trapezoid is commu- 



tative by the H- module Hom-algebra axiom (5.1.2) of A. The bottom trapezoid is commutative by 



the multiplicativity of the H- module structure map p (4.1.1). The top right square is commutative 
by the multiplicativity in A (2.3.1). □ 



Next we have the following version of the first Twisting Principle 2.5 for module Hom-algebras. 

Theorem 5.6. Let H = (H, pn, ^h) be a bialgebra, A = (A, pa) be an associative algebra, and 
p: H®A — > A be an H -module-algebra structure on A. Suppose an ■ H — ► H is a bialgebra morphism 
and a a ■ A — > A is an algebra morphism such that 



ctA° p = p° {olh <8> a A ). (5.6.1) 

For any integers n, k > 0, define the map 

Pa k = a A ° P° ( a H ® Id A) ■ H ® A —f A. 

Then each p^ k gives Ap the structure of an H 1 -module Hom-algebra, where (3 — a 2 A , 7 = a 2 H , Ap is 
the Horn-associative algebra (A,pp = (3op,Ai0)> and H-y is the Hom-bialgebra (H,p 7 = jofj, H , A 7 = 
Ah 07,7) in Theorem W. 



Proof. Using Theorem 51, it suffices to prove the case p a = p^°- Indeed, the computation ( 4.5.2|) 
shows that (pa°) — Pa - Moreover, Theorem 4.5 already tells us that Ap is an _ff 7 -module 



with structure map p^' k - Therefore, it suffices to prove the module Hom-algebra axiom ( [5.1.2] ) for 



Pa 



„0,0 



a a p, which says 



p a o (a 2 H ® pp) = pp o p® 2 o (2 3) o (A 7 ® Id A <8> Id A ) 



(5.6.2) 



30 



DONALD YAU 



with = a a Ha and A 7 = A# o an ■ With B 
diagram: 



, (5.6.2) is true by the following commutative 




Here \ = P® 2 ° (2 3) o (Ajj ® IcU (g> The composition along the left and then the bottom 



edges is the left-hand side in (5.6.2). The composition along the top and then the right edges is the 



right-hand side in (5.6.2). The left trapezoid is commutative by definition. The bottom trapezoid 



is commutative by the assumption (5.6.1). The top middle square is commutative by the module- 



algebra axiom (5.0.1). The top right square is commutative by the assumption that cha is an algebra 
morphism. □ 



To use Theorem 5.6, we need to check the condition ( [5. 6.1 ). Using Proposition 4.7, it suffices 
to check ( [5.6.1 ) on a set of algebra generators of H and a linear basis of A. As an illustration of 



Theorem 5.6, let us consider Horn-quantum geometry on the Horn-quantum planes. We begin with 



Horn-type analogs of a well-known t/q(s[2)-module-algebra structure on the quantum plane. 

Example 5.7 (Hom-quantum geometry on the Hom-quantum planes, I). Here we work 
over the ground field C. Assume q s C is not a root of unity. In this example, we construct classes 
of J7 g (s[2) QA -niodule Hom-algebra structures on the Hom-quantum planes A q \a by applying Theorem 



5.6 to a standard [/ g (s ^-module-algebra structure on the quantum plane A q . Recall the quantum 
enveloping algebra U q [s\2) and the Hom-quantum enveloping algebra U q (sl2) ax from Example 2.9, 
where a\ : U q {sl-z) — » C/ 9 (sb) is defined by 



a x {K ±Y ) = K ±l , a x {E) = XE, and a\{F) = X~ F 



(5.7.1) 



with A any fixed non-zero scalar in C. Also recall from Example 2.7 the quantum plane 
k{cc, y} I \yx — qxy) and the Hom-quantum plane A^Jq, where in this example the map a : A 2 ) 
is defined by 

a(x) — £,x and a(y) = £A -1 ' 

with (gC any fixed scalar. 



■+ A, 



21(1 



y 



(5.7.2) 



Let us first recall the relevant [/^(s ^-module-algebra structure on the quantum plane 



2|0 



The 



references here are Q (VII. 3) and |37| ]. This £/ g (sl2)-module is defined using the following quantum 
partial derivatives. For a monomial x m y n G A q , define 



d q , x {x m V n ) = [m] q x m - 1 y n 



and d q>y (x m y n ) 



[n] q x m y n ~\ 



(5.7.3) 
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where [n] q is the g-integer defined in (2.10.2). These quantum partial derivatives extend linearly to 
all of Ag°. Also, for P — P(x, y) G Ag , define 

<7x(P) = P(qx,y) and a y (P) = P(x,qy). 



Then there is a C/ 9 (s[2)-module-algebra structure p: U q (sl 
A 2 } determined on the algebra generators by 



2|0 



EP = x(d 9 , v P), FP = [d q , x P)y, 
KP = <j x a- 1 {P) = P(qx,q- 1 y), and 
K- 1 P = <j y <T~ 1 (P) = (q- 1 x,qy). 



on the quantum plane 



(5.7.4) 



We claim that Theorem 5.6 can be applied here, i.e., that the condition 

a o p = p o (a\ <S> a) 

hold. 



(5.7.5) 



Using Proposition 4/7, it suffices to check ( 5.7.5 ) for the algebra generators {E, F, K ±l } of U q {s\.2) 



and for the monomials x m y n G Ag °. For the generator E G U q (s{2), we have 

iq 3 



E(x m y n ) = xdn^y*- 1 ) = [n],:c TO+ V~ 1 . 



Therefore, we have 

a{E{x m y n )) = [n} q i m+n \-^ n - 1) x m+1 y n - 1 
= (\E)(Z m+n \- n x m y n ) 
= a x (E)a(x m y n ). 
Likewise, for the generator F G [^(sb), we have 

a(F(x m y n j) = adrnlqx™-^ 1 ) 

= [m] q e i+n \- (n+1) x m - 1 y n+1 
= (\- 1 F){£ m+n \- n x m y n ) 
= a x (F)a(x m y n ). 

Finally, for the generators K ±x G XJ q {s\-i) and P = P(x, y) G A,' , we have 

a(K ±1 P) = a(P(q ±1 x,q^y)) 

= P(q ±1 Hx,qT^\- 1 y) 
= K ±1 P(dx 1 (;\- 1 y) 
= axiK^aiP). 



We have proved (5.7.5). 



By Theorem 5.6, for any integers l,k > 0, the map 



Lk - a 2 ' opo (a x l <8 Id): U q (sl 2 ) ® A*' -> A*' 
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gives the Horn-quantum plane (A^' )^ the structure of a £/ g (s[2) 7 -module Hom-algebra, where (3 = 
a 2k and 7 = a A 2 ' '. More precisely, we have 

p l *(E,x m y n ) = \ l a 2k (E(x m y n )) 

= \>a 2k ([n} q x m+1 y n - 1 ) 

= [n} q e k{m+n) \ l - 2Hn - 1] x m+l y n - 1 . 

Similar computations show that 

p l ^ k (F,x m y n ) = [m} q ^ 2k ^ m+n '>\- l - 2k(n+1 '>x m - 1 y n+1 
and, for P = P(x,y) e A,' , 

p^{K ± \P) = P{q^e k x,q^\- 1 fy)- 
In summary, we have constructed an uncountable, four-parameter (A 6 C \ {0}, £ 6 C, I, k > 0) 
family of t/ g (sl2) 7 -module Hom-algebra structures on the Horn-quantum planes (A 2 ,' )^. We recover 
the original [7 9 (s[2)-modulc-algebra structure p ( |5.7.4| ) on the quantum plane A 2 ) by taking £ = 
A = 1. □ 

Example 5.8 (Hom-quantum geometry on the Horn-quantum planes, II). The Uqish)- 



module-algebra structure on the quantum plane (5.7.4) considered in Example 5.7 is not the only one. 



In this example, we consider Horn-type analogs of one such non-standard £/ g (s ^-module-algebra 
structure on A 2 ,' . The reader is referred to ]j| for a complete classification of t/ g (s[2)-module-algebra 
structures on the quantum plane. Following the setting of we assume that < q < 1. 

According to Q (Theorem 9 and Proposition 18), there is a C/ g (s ^-module-algebra structure 
p: Uq(sh) ® A 2 .' — * A 2 .' on A 2 ' determined by 

K ±1 (x m y n ) = q ±{m - 2n) x m y n , 

E(x m y n ) = q 1 - n [n] qX m y n -\ and 



Jim J2n 

F(x m y n ) = q- ,n - ±-x m y n+ \ 

q-q 



(5.8.1) 



where [n] q is defined in fl2.10.2p . Note that Ex m = because [0], = and that F(x m y n ) = if and 
only if m = n. 



Suppose a a : f/gCsfe) —> Uq{sl>i) is defined as in (|5.7.lD with A e C \ {0}. Also let 
be defined as 



A 210 .210 
a : A q — > A q 



a(x) = x and a(y) = A y, 
which is ( 5.7.2j ) with £ = 1. We claim that Theorem |5.6| can be applied here, i.e., that the condition 

a o p = p o (ot\ (g> a) 

hold. Using Proposition 17, it suffices to check this condition for the algebra generators {E, F, K^ 1 } 
of U q (sl2) and for the monomials x m y n G Aq °. This is obviously true for the generators K ±x . For 
the generator E, we have 

a(E(x m y n )) = q 1 - n [n] q a(x m y n - 1 ) 

= q 1 - n [n] q \- {n -^x m y n - 1 
= {\E)(\- n x m y n ) 
= a x (E)a(x m y n ). 
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Likewise, for the generator F, we have 

Jim Jin 

a{F{x m y n )) = q- m q q q q i a(x m y n+1 ) 

n 2m Jin 

q-q 

= {\- 1 F)(\- ,l x m y n ) 
= a x (F)a(x m y n ) : 

as desired. Note that £ = 1 in a is necessary for the above computations involving E and F. 



By Theorem 5.6, for any integers I, k > 0, the map 



p l a k = a 2 ' o po(a x l ®Id): U q {sl 2 ) g> A* 10 -> A^ 10 

gives the Hom-quantum plane (A 2 } )^ the structure of a J7 g (sl2) 7 -module Hom-algebra, where (3 = 
a 2 and 7 = a\ 2 . More precisely, we have 

p l J k {K ±1 ,x m y n ) = q ±{m - 2n) a 2k (x m y n ) 
= q ± ( m - 2n ^\- 2kn x m y n , 

p l j k (E,x m y n ) = X l a 2k (E(x m y n )) 

= q 1 - n [n] q X l - 2kin -^x m y n -\ 

and 

p l *(F,x m y n ) - \- l a 2k \F(x m y n )) 

Jim _ In 

q-q 1 

In summary, we have constructed an uncountable, three-parameter (A 6 C \ {0}, I, k > 0) family 
of [/^(sbK-module Hom-algebra structures on the Hom-quantum planes (Aq°)p. We recover the 



original E/ 9 (.s ^-module-algebra structure p (5.8.1) on the quantum plane A q by taking A = 1. □ 
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